Abstract. A periodic tridiagonal matrix is a tridiagonal matrix with additional two entries at the corners. We study the space X n,λ of Hermitian periodic tridiagonal nˆn-matrices with a fixed simple spectrum λ. Using the discretized Shrödinger operator we describe all spectra λ for which X n,λ is a topological manifold. The space X n,λ carries a natural effective action of a compact pn´1q-torus. We describe the topology of its orbit space and, in particular, show that whenever the isospectral space is a manifold, its orbit space is homeomorphic to S 4ˆT n´3 . There is a classical dynamical system: the flow of the periodic Toda lattice, acting on X n,λ . Except for the degenerate locus X 0 n,λ , the Toda lattice exhibits Liouville-Arnold behavior, so that the space X n,λ zX 0 n,λ is fibered into tori. The degenerate locus of the Toda system is described in terms of combinatorial geometry: its structure is encoded in the special cell subdivision of a torus, which is obtained from the regular tiling of the euclidean space by permutohedra. We apply methods of commutative algebra and toric topology to describe the cohomology and equivariant cohomology modules of X n,λ .
Introduction
Let Γ " pV, Eq be a simple graph on a set V " rns " t1, . . . , nu. Let M Γ be the vector space of Hermitian nˆn-matrices A " pa ij q, such that a ij " 0 for pi, jq R E. We consider the space M Γ,λ Ă M Γ of all such matrices, which have a given simple spectrum λ " pλ 1 ă λ 2 ă¨¨¨ă λ n q. Note that each space M Γ,λ carries the conjugation action of a compact torus T n . The action is noneffective: scalar matrices commute with every matrix, hence the diagonal subgroup of T n acts trivially. Several examples are well studied. The complete graph Γ " K n corresponds to the space of all isospectral matrices, which is diffeomorphic to the variety Fl n of complete flags in C n . The path graph Γ " I n with n`1 vertices produces the space M In,λ of isospectral tridiagonal matrices, which is known to be a smooth 2n-manifold; its smooth type is independent of λ. The real version of M In,λ is called the Tomei manifold: it was introduced and studied in [32] . The T n -action on M In,λ is locally standard and its orbit space is diffeomorphic to a simple polytope, the permutohedron [32, 15] . Note that M In,λ is not a toric variety, although it is closely related to the permutohedral variety [8] .
More generally, the spaces M Γ h ,λ corresponding to indifferent graphs Γ h are the spaces of staircase matrices. It is more convenient to encode this type of spaces by Hessenberg functions. The Hessenberg function is a function h : rns Ñ rns such that hpiq ě i and hpi`1q ě hpiq. The space M Γ h is the space of Hermitian matrices A such that a ij " 0 for j ą hpiq. Every space M Γ h ,λ is a smooth manifold independent of a simple spectrum λ. Its odd degree cohomology modules vanish, therefore M Γ h ,λ is equivariantly formal in the sense of Goresky-MacPherson (see Definition 9.5). The equivariant cohomology ring of M Γ h ,λ can be described using GKM-theory [18, 21] . See [5] for details on the the spaces M Γ h ,λ and their relation to regular semi-simple Hessenberg varieties.
For the star graph Γ " St n (see Fig.1 ), the space M Stn,λ is also a smooth manifold, and its diffeomorphism type does not depend on λ. The effective action of T " T n`1 {∆pT 1 q on M Stn,λ is locally standard, therefore the orbit space Q Stn,λ " M Stn,λ {T is a manifold with corners. Unlike the case of tridiagonal matrices, the orbit space Q Stn,λ for n ě 3 is not a simple polytope. The topology of Q Stn,λ itself is quite complicated, and it is difficult to state any general result about the manifold M Stn,λ itself. However, the topology can be described in details for n " 4, which was done in [6] . In this paper we consider the case Γ " Cy n , the cyclic graph on n vertices. The Hermitian matrices corresponding to Cy n have the form , where a i P R, b i P C. Such matrices are called periodic tridiagonal matrices or periodic Jacobi matrices. We will simply call them periodic. It is assumed throughout the paper that n ě 3.
The space X n,λ " M Cy n ,λ of all periodic matrices with a simple spectrum λ has dimension 2n, and carries an effective action of T " T n´1 . Hence the torus action has complexity one. The difference between half the real dimension of a manifold and the dimension of a torus is called the complexity of the action: this terminology naturally comes from both algebraic geometry and symplectic geometry.
We prove that under certain conditions on a simple spectrum, the space X n,λ is not a smooth manifold, not even a homology manifold, see Theorem 3.9. This gives a negative answer to our question, posed in [6] . This also settles certain inaccuracy appearing in the work of van Moerbeke [23] , who studied the real analogue of X n,λ .
For any simple spectrum λ, we describe the topology of the orbit space X n,λ {T , see Corollary 3.6. If X n,λ is a topological manifold, we prove that the orbit space X n,λ {T is homeomorphic to the product S 4ˆT n´3 . When n " 3, the space X 3,λ is the space of all Hermitian matrices with the given spectrum λ. This space is diffeomorphic to the full complex flag variety Fl 3 . Hence, for n " 3, we recover the result of Buchstaber-Terzic [11, 12, 13] , which states that Fl 3 {T 2 -S 4 . Note that the action is not free, however the orbit space is still a topological manifold. This fact is consistent with the general theory developed in [4] .
The main ingredient of our arguments is the product of off-diagonal elements B " ź n i"1 b i P C of the periodic matrix Lpa, bq. We show that with the matrix spectrum fixed, the number B takes values inside a compact convex subset B Ă C, lying between two confocal parabolas, see Theorem 3.4. This statement may be considered a folklore: its real version was proved in [23, 20] , and the complex version is not more complicated. In Section 4 we briefly review the necessary facts about discrete Schrödinger operator, needed for this result. The value B is preserved by the torus action, hence there is a mapp : X n,λ {T Ñ C from the orbit space, evaluating the number B. The setp´1pCzt0uq consists of free orbits. However the torus action has nontrivial T -equivariant skeleton, which is a proper subset ofp´1p0q. To describe the structure of the equivariant skeleton, we use combinatorial geometry.
It is well known that euclidean space can be tiled by parallel copies of a regular permutohedron. Taking quotients by lattices in a euclidean space, we may produce many interesting permutohedral cell subdivisions of a torus. We show that a certain lattice produces a regular cell subdivision PT n´1 of an pn´1q-dimensional torus, which we called the wonderful subdivision. It has several interesting properties. First, it models the equivariant skeleton of the torus action on X n,λ . Second, this wonderful subdivision minimizes the number of facets among all possible regular cell subdivisions of a torus. Such subdivisions and their dual simplicial cell subdivisions for general PL-manifolds are known in combinatorial topology under the name of crystallizations [17] . We briefly recall the required combinatorial geometry in Section 5.
Next we describe the topology of the whole space X n,λ . Let X 0 n,λ "p´1p0q denote the subset of matrices with B " 0. The space X n,λ is smooth in vicinity of X 0 n,λ : this actually follows from the properties of non-periodic Toda lattice, see Proposition 3.1. Using the result of [4] concerning the topological classification of complexity one torus actions, we describe the topology of a small neighborhood X ďε n,λ of X 0 n,λ . It happens that, up to homeomorphism, the T n´1 -action on X ďε n,λ can be extended to a locally standard T n -action on this space. The necessary notions related to complexity one torus actions are given in Section 6.
In a series of works [1, 2, 3, 7] we developed a toolbox to compute cohomology and equivariant cohomology of manifolds with locally standard torus whose orbit spaces have acyclic proper faces. This toolbox is applied to the subspace X ďε n,λ . The T n -orbit space of X ďε n,λ is a manifold with corners, whose face structure is the wonderful cell subdivision of a torus, hence all its proper faces are acyclic, so we are in position to apply the general technique. The algebro-topological invariants of X ďε n,λ are computed in terms of combinatorial invariants of the wonderful cell subdivision PT n´1 . We recall the theory of h-, h 1 -, and h 2 -numbers of simplicial posets and compute these invariants for the dual simplicial poset of the wonderful subdivision in Section 7.
In Section 8 we describe the additive structure of T n´1 -equivariant cohomology modules of the neighborhood X ďε n,λ . The ordinary Betti numbers of X n,λ are calculated in Section 9. There we also prove that X n,λ is not equivariantly formal for n ě 4 by comparing equivariant and ordinary Betti numbers of X n,λ .
Torus action and Toda flow
The element t " pt 1 , . . . , t n q P T n acts on a cyclic matrix by the formula (2.1) tLpa; b 1 , . . . , b n´1 , b n q " Lpa; t 1 t´1 2¨b 1 , . . . , t n´1 t´1 n¨b n´1 , t n t´1 1¨b n q.
It is easy to see that the torus action preserves the quantity B " ś n 1 b i . The action is non-effective: the scalar matrices act trivially. Hence we consider the effective action of the quotient torus T n´1 " T n {∆pS 1 q on X n,λ . Apart from the torus action, there is a classical dynamical system acting on the space of periodic matrices: the periodic Toda lattice. We now briefly recall the definition and properties of this dynamical system. Construction 2.1. For a matrix L " Lpa, bq consider the skew-Hermitian matrix
The Toda flow (the flow of the periodic Toda lattice) is the flow
The solution Lptq to (2.2) remains similar to the initial matrix Lp0q at all times t P R, so the Toda flow preserves the spectrum. Therefore the flow acts on the isospectral space X n,λ .
Remark 2.2. The Toda flow commutes with the torus action. Indeed, the action of T on L is given by DLD´1, for diagonal Hermitian matrix D. We have P pDLD´1q " DP pLqD´1 and therefore rDLD´1, P pDLD´1qs " DrL, P pLqsD´1.
The periodic Toda system is well studied for real symmetric matrices. We need a more general Hermitian version of periodic Toda system in order to incorporate torus actions. However, the complex case is not more complicated than the real one. The equations of the flow have the coordinate form:
where a i , b i are assumed cyclically ordered. Since b i P C, each expression in the second line represents two real equations. We see that the arguments of b i P C remain constant along the flow. The equations on a i , |b i | have the form (2.4)
which coincide with the real form of the periodic Toda flow.
Construction 2.3. It is a simple exercise that the quantity B " ś n 1 b i is preserved along the flow. In what follows we consider the exceptional subspace X 0 n,λ " tL P X n,λ | B " 0u This subspace can be represented as the union X 0 n,λ " Ť n 1 Y i , where Y i Ă X n,λ is the subset of matrices having b i " 0 for a particular index i P rns. The set Y n is just the set of isospectral tridiagonal Hermitian matrices, which is known to be a smooth manifold whose smooth type is independent of a simple spectrum λ [32] . Moreover, it is known that Y n is a quasitoric manifold over a permutohedron [8, 15] (the reader is advised to consult [10] concerning the terminology of quasitoric manifolds). Each of Y i for i ‰ n is diffeomorphic to Y n . This follows from the fact that the matrix with b i " 0 can be transformed to tridiagonal Hermitian matrix by a cyclic permutation of rows and columns. Therefore X 0 n,λ is the union of n submanifolds of dimension 2n´2, however, these submanifolds intersect nontrivially. In the intersection of Y i and Y j there lies the submanifold of matrices with b i " b j " 0, which is a torus invariant codimension 2 submanifold of both Y i and Y j . The combinatorial structure of these intersections will be described in detail in Section 5.
The Toda flow degenerates to a Toda flow of non-periodic Toda lattice on the exceptional set X 0 n,λ . Each submanifold Y i is preserved by the flow. The Toda flow on Y i is a gradient flow (see e.g. [33] or [14] ), which means that asymptotically each trajectory on Y i tends to an equilibrium point. The equilibrium points are the diagonal matrices L σ " diagpλ σp1q , . . . , λ σpnq q, σ P S n A direct check shows that the subspace X n,λ is a smooth manifold in a neighborhood of each equilibrium point L σ [32] . The asymptotical properties of the flow on the exceptional set imply that X n,λ is a smooth manifold in a neighborhood of X 0 n,λ . It will be shown in Section 3 that X n,λ is not always smooth in points with large values of B.
Remark 2.4. For generic spectrum λ the whole space X n,λ is a smooth manifold. This easily follows from Sard's theorem applied to the map sending the periodic tridiagonal matrix L to the tuple ptr L, tr L 2 , . . . , tr L n q
The orbit space of the torus action
The action of T " T n´1 on X n,λ has n! fixed points L σ , σ P S n which coincide with the equilibria of the Toda flow.
Proposition 3.1. The orbit space Q n,λ " X n,λ {T is a topological manifold in a neighborhood of X 0 n,λ {T . The space Q n,λ is a topological manifold for generic λ. Proof. Note that dim X n,λ " 2n and dim T " n´1. Consider any fixed point L σ . The tangent representation of the action at a point L σ has the weight decomposition
where V pαq is the 1-dimensional complex representation tz " αptq¨z.
In terms of the noneffective action of n-dimensional torus T n we have α i,σ " i´ i`1 , for any σ P S n where t 1 " n`1 , 2 , . . . , n u is the standard basis of HompT n , S 1 q -Z n , as follows from the explicit expression (2.1) for the action.
The following fact was proved in [4] . Suppose a torus T of dimension n´1 acts effectively on a smooth manifold X of dimension 2n, and assume that each connected component of each equivariant skeleton X j contains a fixed point. Assume, moreover, that the action has finitely many fixed points, and, at each fixed point, any n´1 of n weights α 1 , . . . , α n P Z n´1 of the tangent representation are linearly independent. Then X{T is a closed topological pn`1q-manifold. Applying this result to X n,λ in a neighborhood of X 0 n,λ , we get the first part of the proposition.
The second part follows easily from Remark 2.4, since the action of T outside X 0 n,λ is free. Therefore, whenever X n,λ is a smooth manifold, the orbit space X n,λ {T is smooth outside X 0 n,λ {T , thus it is a topological manifold. To describe the topology of Q n,λ and X n,λ , we formulate an result of an independent interest. Let p : X n,λ Ñ C be the map which associates the number B " ś n i"1 b i to a periodic tridiagonal matrix Lpa, bq. Since the T -action preserves B, there is an induced continuous mapp : Q n,λ Ñ C.
The aim of the following constructions is to describe the image ofp and all its preimages. The description is given in Theorem 3.4 below. Construction 3.2. Let a simple spectrum pλ 1 ă . . . ă λ n q be given. Consider the characteristic polynomial F pxq " ś n i"1 px´λ i q. Since the polynomial has n real roots, we have the sequence of real numbers
where x n´1 , x n´3 , x n´5 , . . . are the local minima, and x n´2 , x n´4 , . . . are the local maxima of F . Let
We obviously have m, M ą 0. Let n`be the number of local maxima at which M is achieved and, similarly, n´be the number of local minima at which´m is achieved. For generic λ there holds n`" n´" 1. Fig.2 shows the case n`" 1, n´" 2.
The preimages of the mapp : Q n,λ Ñ B are as follows. If z P B˝, thenp´1pzq is homeomorphic to a compact torus T n´1 . If z P BB and minimum in (3.2) is achieved at M 1´cos Arg z , thenp´1pzq is a torus of dimension n´1´n`. If z P BB and minimum in (3.2) is achieved at m 1`cos Arg z , thenp´1pzq is a torus of dimension n´1´n´. If z P BB and
, thenp´1pzq is a torus of dimension n´1´n`´n´.
The convex set B is shown on Fig.3 : it is bounded by arcs of two confocal parabolas. The set B is a 2-dimensional manifold with corners: we denote by F`and F´its left and right sides respectively, and F`X F´" tz top , z bot u. Note that the minimum is achieved at M 1´cos Arg z whenever z lies on the left side of the figure, which explains the notation.
Remark 3.5. It will be convenient to distinguish between the torus, which acts on spaces and the geometrical tori arising in Theorem 3.4. Hence toric groups are denoted by the symbol T , and tori appearing in geometrical considerations are denoted by the symbol T . Figure 3 . The set B Corollary 3.6. With parameters n`and n´as above, the orbit space Q n,λ is homeomorphic to ΣpT n´˚T n`qˆT n´1´n´´n`.
Proof of the corollary. The space Q n,λ is foliated over the contractible space B by tori. Hence
where certain n`-dimensional subtorus T`is collapsed over F`and another n´-dimensional subtorus T´is collapsed over F´(the nature of these tori and their independence is clarified in Section 4). We have T " T`ˆT´ˆT n´1´n´´n`. The subgroup T n´1´n´´n`s eparates as a direct factor of Q n,λ . The remaining factor is the suspension space, with the suspension points being the preimages of the points z top and z bot . This suspension is taken over the spacep´1pB X Rq{K which is homeomorphic to the join of T`and T´.
Corollary 3.7. For generic spectrum λ there is a homeomorphism Q n,λ -S 4ˆT n´3 .
Proof. In generic case we have n`" n´" 1. Therefore ΣpT
Corollary 3.8 (Theorem of Buchstaber-Terzic [11, 13] ). Consider the effective action of T " T 3 {∆pT 1 q on the manifold Fl 3 of complete complex flags in C 3 . The orbit space Fl 3 {T is homeomorphic to S 4 .
Proof. Note that X 3,λ is just the set of all Hermitian matrices with the given spectrum. This manifold is diffeomorphic to the flag manifold Fl 3 . The statement is the particular case of Corollary 3.7 with n " 3.
Theorem 3.9. If λ is a simple spectrum such that either n`ą 1 or n´ą 1, then X n,λ is not a homology manifold. In particular, this space is not a smooth manifold.
Proof. Assume n`ą 1. The space Q n,λ -ΣpT n´˚T n`qˆT n´1´n´´n`i s not a homology manifold unless n`" n´" 1. Its singular points lie over the face F`Ă BB. Let q P Q n,λ be a singular point such thatppqq P F`and let U q Ă Q n,λ be a neighborhood of q.
We have H i pU q , U q ztqu; Zq ‰ 0 for some i ă n`1. The torus action is free over BB. Hence, for any point x P X n,λ lying in the orbit q, its neighborhood U x Q x is homeomorphic to U qˆR n´1 . Therefore H i pU x , U x ztxu; Zq ‰ 0 for some i ă 2n, so far X n,λ is not a homology manifold.
Remark 3.10. Van Moerbeke [23] proves the real analogue of Theorem 3.4. In the real case, there is a family of tori, parametrized by real numbers from the interval r´M {4, 0q Ă B X R. The dimension of all tori is n´1, except for the torus over the endpoint´M {4: its dimension decreases by n`. Van Moerbeke calls the union of such family "an open ndimensional torus". This naming seems misleading, since this union is not even a manifold for n`ą 1, which is proved similarly to Theorem 3.9.
Remark 3.11. The most degenerate case appears in the situation when the values at all local minima of the characteristic polynomial F pxq " ś n i"1 px´λ i q coincide, and the values at all local maxima coincide. For example, this holds for the Chebyshev polynomials T n pxq (which are defined on the interval r´1, 1s by T n pxq " cospn arccos xq). It can be seen, that a polynomial gives the maximal possible degeneration if and only if it coincides with Chebyshev polynomial up to affine transformation of the image and the domain:
with the natural requirement that F pxq has n distinct real roots.
Schrödinger equation and the spectral curve
In this section we prove the first part of Theorem 3.4. It will be assumed that B "
The action of T is free on such matrices. We may identify Q n,λ " X n,λ {T with the set of isospectral Hermitian matrices of the form (4.1)
Lpwq "¨a
where b 1 , . . . , b n are positive real numbers, and w P C, |w| " 1. Indeed, the arguments of any n´1 off-diagonal terms of a periodic tridiagonal matrix Lpa, bq can be rotated to zero by the torus action (2.1). We continue denoting ś n i"1 b i by the letter B, although in the new notation B is a positive real number. Proof. Matrices of the form Lpwq can be studied using algebro-geometric method in mathematical physics (we refer to [20] for a brief exposition of this subject in relation to periodic Toda flow). Let l be the space of infinite to both sides sequences tψ k u:
Consider the periodic discrete Schrödinger operator given by
where we assume a k`n " a k and b k`n " b k . The eigenfunction ψ P l of the Schrödinger operator with eigenvalue x satisfies the equation
Since b i ‰ 0, every eigenfunction is determined by its initial values pψ 0 , ψ 1 q P C 2 . We can define the monodromy operator along the period:
Note that the matrix Lpwq has eigenvalue x if and only if there exists a solution ψ to (4.2) such that ψ k`n " wψ k Such functions are called Bloch solutions. We see that whenever there exists a nonzero Bloch solution with parameter w, the number w is the eigenvalue of the monodromy operator M pxq, so we get a relation (4.4) detpw´M pxqq " 0.
This equation defines a so called spectral curve of the periodic Schrödinger equation in the space of parameters pw, xq P C 2 . One can show that det M pxq " 1 (hint: the oper-
Hence, the equation (4.4) of the spectral curve can be rewritten in the form
It can be shown that tr M pxq "
1 B P pxq, where B " ś n 1 b i as before, and P pxq is a monic polynomial in x (Hint: decompose M pxq as the product of operators M i along the period, i " 1, . . . , n, and count the terms of highest degree of x). Dividing (4.5) by w and denoting t " Re w " 1 2 pw`w´1q, we get 2t "
The polynomial P pxq´2Bt is monic and has the given sequence λ 1 , . . . , λ n as its roots, therefore P pxq´2Bt "
Consider the set A " ts P R | P pxq " 2Bs has n real rootsu.
Recalling the definition of m and M and remark 3.3 as well as relation (4.6), we see that A is the closed interval r´m 2B`t , M 2B`t s. Note that the polynomial P pxq´2Bs is the characteristic polynomial of the matrix Lpw s q, where |w s | " 1, Re w s " s. Therefore, the equation P pxq " 2Bs necessarily has n real roots for any s P r´1, 1s. Therefore,
from which we deduce B ď
Remembering t " Re w " cos Arg w, we get the required inequality.
Proposition 4.2. For z P B, z ‰ 0, the preimagep´1pzq is homeomorphic to a torus. The dimension of a torus is n´1 if z lies in the interior of B, n´1´n`if z lies in the relative interior of F`, n´1´n´if z lies in the relative interior of F´, and n´1´n`´ní f z is either z top or z bot .
Proof. In short, this follows from the fact that the periodic Toda lattice is an integrable dynamical system and its energy levels are the compact submanifolds. LiouvilleArnold theorem then implies that these preimagesp´1pzq are tori. To specify the dimensions we give more details on the theory, related to periodic tridiagonal matrices.
As before, consider P pxq " B tr M pxq, the monic polynomial in x with coefficients depending on a i , b i P R. As follows from the considerations above, the eigenvalues of matrices Lp1q and Lp´1q are the roots of the polynomials P pxq´2B and P pxq`2B respectively. Let
be the union of all these roots, so that x 2n , x 2n´3 , x 2n´4 , x 2n´7 , x 2n´8 , . . . are the roots of P pxq´2B and x 2n´1 , x 2n´2 , x 2n´5 , x 2n´6 , . . . are the roots of P pxq`2B. The intervals Over each forbidden interval I k , k " 1, . . . , n´1, there lies a circle S k on Θ g . If an interval I k degenerates to a point (i.e. x 2k " x 2k`1 ), the circle S k also collapses to a point. Van Moerbeke [23] proved Proposition 4.3. Real periodic tridiagonal symmetric matrices Lpa, bq with the given spectrum λ, given B " ś n 1 b i , and b i ą 0, are in one-to-one correspondence with pn´1q-tuples pµ 1 , . . . , µ n´1 q, where µ k P S k .
Therefore, for real z, the preimagep´1pzq is diffeomorphic to a torus T " ś n´1
1
S i . The dimension of this torus equals n´1 in general, however, when some forbidden intervals are collapsed, the dimension reduces by the number of collapsed intervals. The upper forbidden intervals collapse if and only if the value 2B reaches M . The number of collapses among upper intervals equals n`. Similarly, the lower intervals collapse if 2B reaches m, and the number of collapses among lower intervals is n´. Now let Lpwq be an arbitrary matrix with w P C, |w| " 1 and the given spectrum λ. Let r λ be the set of roots of the polynomial ś px´λ i q`2B Re w. It was mentioned in the proof of Proposition 4.1 that the matrix Lpwq has spectrum λ if and only if Lp1q has spectrum r λ. Thus Proposition 4.3 implies the required statement for all matrices.
Permutohedral tilings
In this section we study the degenerate locus of the periodic Toda lattice. Recall that X 0 n,λ " p´1p0q Ă X n,λ is the set of all isospectral matrices with B " ś n 1 b i " 0, and Q 0 n,λ " X 0 n,λ {T "p´1p0q. We recall some standard facts from combinatorial geometry. Let 1 , . . . , n be the standard basis of Z n -HompT n , S 1 q. We assume that Z n Ă R n and there is a fixed inner product on R n such that 1 , . . . , n are orthonormal.
Consider the sublattice N Ă Z n of rank n´1 given by
ÿ a i " 0, and a i´aj " 0 mod n ) and let N R " N b Z R be its real span. Consider the vectors α 1 , . . . , α n :
We see that
and any n´1 of α 1 , . . . , α n generate the lattice N . One can think about α i 's as the outward unit normal vectors to the facets of a regular simplex in R n´1 . For any subset S Ă rns " t1, . . . , nu such that S ‰ ∅, rns, consider the vector
Let P n´1 be the Voronoi cell decomposition of N R -R n´1 generated by the lattice N . In other words, for any α P N we consider the Voronoi cell
where dist is the distance determined by the inner product on N R Ă R n . Each P α is a convex pn´1q-dimensional polytope and all these polytopes are the parallel copies of each other, P α " P 0`α .
Construction 5.1. It can be shown that P 0 is the pn´1q-dimensional permutohedron Pe n´1 determined by the inequalities
We recall the basic facts about the combinatorics of a permutohedron. The polytope Pe n´1 is simple, which means that every codimension k face is contained in exactly k facets. For a proper subset S Ă rns let F S denote the facet of Pe n´1 determined by the support hyperplane xα S , xy " 1 2 xα S , α S y. Note that Pe n´1 is centrally symmetric: the facets F S and FS are opposite to each other wheneverS " rnszS.
Facets F S 1 , . . . , F S k have nonempty intersection in Pe n´1 if and only if the subsets tS 1 , . . . , S k u form a chain in the Boolean lattice 2 rns . If σ " pS 1 Ă¨¨¨Ă S k q is such a chain, we denote by F σ the face F S 1 X¨¨¨X F S k of the permutohedron. Each face of Pe n´1 is known to be a product of permutohedra of smaller dimensions.
We denote by F S pP α q (resp. F σ pP α q) the corresponding facets (resp. faces) of the the Voronoi cell P α to distinguish different copies of a permutohedron in the Voronoi diagram. It can be seen that
A facet of each cell is adjoint to an opposite facet of a neighboring cell.
We formulate a general construction to precede a particular case needed in the proof of Theorem 3.4.
Construction 5.2. Let p N Ď N be a sublattice of finite index, i.e. q " |N { p N | ă 8. Consider the quotient N R { p N . Since p N is a cocompact lattice, this quotient is a torus T n´1 . The action of p N by parallel shifts preserves the Voronoi diagram, therefore we have a cell subdivision of the torus T n´1 -N R { p N . There are q maximal cells in this subdivision, each is a parallel copy of a permutohedron. Example 5.3. A natural example is p N " N . In this case the torus is given by identifying the opposite facets of a single permutohedron. The cell structure on a torus given by this identification is known: the corresponding partially ordered set was introduced and studied by Panina [27] under the name of cyclopermutohedron. This poset has a natural combinatorial description.
For the considerations of this paper we need another sublattice.
Construction 5.4. Let N 1 Ă N be the sublattice generated by the vectors
Note that β n´1 " α n´1´αn " 2α n´1`α1`¨¨¨`αn´2 according to (5.1). It can be shown that N {N 1 is the cyclic group of order n. Indeed, in the quotient group N {N 1 we have the identities (5.4) rα 1 s "¨¨¨" rα n s, nrα 1 s " rα 1 s`¨¨¨`rα n´2 s`2rα n´1 s " 0.
Definition 5.5. Let PT n´1 be the cell decomposition of a torus T n´1 obtained as a quotient of Voronoi diagram of the space N R by the sublattice N 1 . We call PT n´1 the wonderful cell decomposition of a torus.
The wonderful decomposition PT n´1 has n maximal cells. The cells P α and P α`β are identified in PT n´1 whenever β P N 1 . We denote the resulting cell of PT n´1 by P rαs . Relations (5.4) imply rα S s " |S|rα 1 s, rnα 1 s " r0s.
Lemma 5.6. Let 1 ď k ă m ď n. In the cell complex PT n´1 we have
where S is any subset of rns of cardinality m´k.
Proof. Choose any subset S 1 such that |S 1 | " k and S 1 is disjoint from S. According to (5.3) we have
which proves the statement.
In the following, we denote the maximal cells P krα 1 s by PT k . Now we return to the space of tridiagonal matrices. Recall that Y k denotes the space of all isospectral matrices Lpa, bq with b k " 0, for k " 1, . . . , n. Let Q k denote the orbit space Y k {T . We have Q 0 n,λ " Ť n 1 Q k . For convenience introduce the cyclic notation: Q k " Q k`n , for any k P Z.
Theorem 5.7. The space Q 0 n,λ can be identified with PT n´1 so that the subspaces Q k are identified with PT k .
Proof. The orbit space Q 0 " Q n is identified with the space of all tridiagonal symmetric real matrices
with b i ě 0 and the given simple spectrum λ. It is known (see [32] ) that Q 0 is diffeomorphic to a permutohedron Pe n´1 as a manifold with corners. The facet F S pPe n´1 q corresponds to the subset of Q 0 , which consists of matrices L such that b |S| " 0 and the eigenvalues tλ i | i P Su are distributed in the first p|S|ˆ|S|q-block.
Similar considerations are valid for other spaces Q k : this can be shown by cyclic permutation of rows and columns of L. Indeed, the set Q k can be identified with Pe n´1 in such way that the facet F S pPe n´1 q consists of all matrices with the property
and the block between k-th and pk`|S|q rows and columns has eigenvalues tλ i | i P Su. It can be seen that the faces F S pQ k q and FSpQ m q represent the same set of matrices for 1 ď k ă m ď n and |S| " m´k. Therefore, F S pQ k q " FSpQ m q in Q 0 n,λ . These gluing rules for the cells in Q 0 n,λ coincide with the gluing rules for PT k in PT n´1 according to Lemma 5.6.
Example 5.8. Right part of Fig.5 shows the space Q 0 3,λ " PT 2 . This example was described in details by van Moerbeke [23] . The 1-skeleton of PT 2 is shown on the left. As an abstract graph, it is isomorphic to the complete bipartite graph K 3,3 . This graph is a GKM-graph of the complete flag variety Fl 3 , see details in [4] . behavior is well-known (see [16] ). For any block tridiagonal matrix, the Toda flow "sorts" the diagonal elements within each block [32] . The phase portrait for n " 3 is shown on the left part of Fig.6 . The oddity of the phase portrait near equilibria points is explained by the fact that the orbit space Q n,λ is not smooth at these points.
Note that for B ‰ 0, the Toda flow exhibits Liouville-Arnold behavior. The equilibria points disappear, however the flow still follows some direction v on a torus, see Fig.6 , right part. PT . In Section 7 we recall the definition of a simplicial poset which is a useful combinatorial notion to study simplicial cell subdivisions.
Note that the simplicial poset K
n´1
PT minimizes the number of vertices among all simplicial cell subdivisions of the torus T n´1 . Indeed, any pn´1q-dimensional simplex of such subdivision has n distinct vertices, therefore a simplicial cell subdivision of T n´1 should have at least n vertices. This number is achieved at K n´1 PT .
Remark 5.11. Note that any closed connected pn´1q-manifold admits a simplicial cell subdivision with exactly n vertices. This result was proved in [17] , where such subdivisions (or, their equivalent combinatorial representations) were called the crystallizations. Previous remark shows that K n´1 PT provides an explicit crystallization for the torus T n´1 .
Propositions 4.1, 4.2, and Theorem 5.7 conclude the proof of Theorem 3.4.
Topology near degeneration locus
In this section we study the topology of a small neighborhood of X 0 n,λ . The space X n,λ is a smooth manifold in vicinity of X 0 n,λ , see Construction 2.3.
Remark 6.1. Note that the T -action is free outside X 0 n,λ and admits a section given by the formula (4.1). However, the free part of the action is larger than X 0 n,λ : the action is also free over the interiors of facets of Q 0 n,λ -PT n´1 . The whole free action X free n,λ Ñ X free n,λ {T does not admit a section, as explained below.
Recall that p : X n,λ Ñ C maps a matrix Lpa, bq to the product B " ś n 1 b i . For a small ε consider the preimage of points close to zero:
According to Proposition 4.2, X ďε n,λ is a manifold with boundary, the boundary BX ďε n,λ being the subset
where S 1 ε " tz | |z| " εu, T n´1 is the Liouville-Arnold torus, and T n´1 it the acting torus. It will be useful to incorporate the circle S 1 ε into the action to obtain a T n -action on X ďε n,λ . Construction 6.2. Consider a topological manifold with boundary W " T n´1ˆr 0, 1s. Its boundary consists of two connected components
On the left component B 0 W , we introduce the wonderful cell structure PT n´1 , constructed in Section 5. This procedure subdivides B 0 W into n permutohedra PT 1 , . . . , PT n of dimension n´1 so that every cell of dimension k lies in n´k top-dimensional cells. This makes W a manifold with corners (understood in a broad topological sense). We leave the right boundary component B 1 W unchanged: no face structure is imposed on B 1 W . Let T n " tt " pt 1 , . . . , t n q | |t i | " 1u be a compact n-torus and T I , I Ď rns be its coordinate subtorus,
Consider the space Y " WˆT n { "
where pr, tq and pr 1 , t 1 q are identified whenever r " r 1 lies in the intersection of facets tPT i | i P Iu and t´1t 1 P T I for some subset I Ď rns. This construction can be considered as particular case of either moment-angle manifold construction for simplicial posets (see [22, 10] ) or the construction of locally standard actions (see [34] ). The space Y is a particular case of the collar models introduced in [3] . The space Y is a manifold with boundary BY " B 1 WˆT n -T n´1ˆT n . It carries the action of T n which is free on the boundary and its orbit space is W . Consider the induced action of the subtorus
on the space Y . It can be checked (see details in [4] ) that the orbit space Y {T n´1 is homeomorphic to T n´1ˆD2 .
Theorem 6.3. The space X ďε n,λ is T n´1 -equivariantly homeomorphic to the collar model Y .
Proof. In [4] we developed a topological theory of complexity one torus actions. The main concepts are recalled here. By definition, an effective action of T -
is called a strictly appropriate action in general position, if the following conditions hold.
(1) The action has finitely many fixed points.
(2) Stabilizers of all points are connected. (3) Each connected component of each equivariant skeleton X j contains a fixed point. (4) For every fixed point x, the weights α 1 , . . . , α n P HompT n´1 , S 1 q -Z n´1 of the tangent representation are in general position, which means that every n´1 of them are linearly independent. For such actions we proved that the orbit space Q " X{T n´1 is a topological manifold of dimension n`1. The orbits of dimensions less than n´1 form a subset Z Ă Q which is called a sponge. A sponge is an pn´2q-dimensional subset of Q locally modeled by a pn´2q-skeleton of R n ě0 . The free part of action gives the principal T n´1 -bundle
This bundle is classified by the cohomology class e P H 2 pQzZ; H 1 pT n´1 qq, which is called the Euler class of the action. Proposition 3.7 of [4] asserts that equivariant topological type of X is uniquely determined by the triple pQ, Z, eq (which essentially means that the information on stabilizers of the action can be recovered from the class e).
The inclusion i x : U x Ñ Q induces a homomorphism
The class e x " ixpeq P H 2 pU x , U x zZ; H 1 pT n´1is called the local Euler class at x. It was noted in [4] that local Euler classes are always nonzero. In particular, the global Euler class is always non-zero for suitable actions of complexity one.
These constructions work similarly if X is a manifold with boundary, and the torus action is free on the boundary. In this case, Q " X{T n´1 is a manifold with boundary BX{T n´1 . The sponge of the action lies in the interior of Q. Under certain conditions the local Euler classes at fixed points determine the space X uniquely.
Assume Q has the form Q M " MˆD 2 , where M is a closed pn´1q-manifold with a fixed simple cell decomposition. Assume that the sponge Z M is the pn´2q-skeleton of this cell structure, and we have
Proposition 6.4 ([4, Prop.5.7]). Let X be a manifold with boundary, which carries a strictly appropriate torus action in general position such that the orbit space and the sponge of the action are given by pQ M , Z M q. Assume that the free action of T on the boundary is a trivial principal bundle. Then the local Euler classes at fixed points uniquely determine the T n´1 -equivariant homeomorphism type of X.
Apply this proposition to spaces X ďε n,λ and Y . The orbit space is T n´1ˆD2 in both cases. The sponge of the action is the pn´2q-skeleton of the wonderful cell subdivision PT n´1 , defined earlier. The free action on the boundary is a trivial principal bundle. This is true for X ďε n,λ since there is a section of the action, see remark 6.1. This is true for Y since Y " PˆT n { ", and the T n -action over B 1 P is a trivial principal bundle. Finally, consider any fixed point x " L σ of X ďε n,λ . The tangent representation at x is isomorphic to the standard action of
. . , t n qu on C n (the infinitesimal action just rotates off-diagonal entries, so that the angles of rotation sum to zero). However the action of T n´1 in the neighborhood of the corresponding fixed point of Y is exactly the same by the definition of Y . Therefore the local Euler classes of X ďε n,λ and Y coincide at each fixed point. Proposition 6.4 then implies the existence of T n´1 -homeomorphism X ďε n,λ -Y .
Enumerative combinatorics of the wonderful subdivision
In this section we study the enumerative invariants of the permutoheral cell complex PT n´1 or, equivalently, its dual simplicial poset K n´1 PT . These invariants will be used further to describe the homological structure of X n,λ . At first, we recall several standard definitions from commutative algebra and combinatorics. Definition 7.1. A finite partially ordered set S is called simplicial if it has the minimal element0 P S and, for any I P S, the order interval tJ P S | J ď Iu is isomorphic to the poset of faces of a k-dimensional simplex, for some number k ě 0.
The elements of S are called simplices. The number k from the definition is called the dimension of a simplex I. A simplex of dimension 0 is called a vertex. The geometrical realization of S is the simplicial cell complex, obtained by gluing geometrical simplices according to the order relation in S, see [9] for details. In the following we only consider pure simplicial posets, which means that all maximal elements of S have the same dimension. A simplicial poset is called a homology sphere (resp. a homology manifold ) if its geometrical realization is a homology sphere (resp. a homology manifold).
Construction 7.2. Let f j denote the number of j-dimensional simplices of S for j "´1, 0, . . . , n´1, in particular, f´1 " 1 (the empty simplex0 has dimension´1).
h-numbers of S are defined from the relation:
where t is a formal variable. Let r β j pSq " dim r H j pSq be the reduced Betti number of the geometric realization of S. h 1 -and h 2 -numbers of S are defined as follows
r β s´1 pSq¸for 0 ď j ď n;
or 0 ď j ď n´1, and h 2 n " h 1 n . Sums over empty sets are assumed zero. Let rms " t1, . . . , mu be the vertex set of S, m " f 0 . Let R be a field or the ring Z, and let Rrms " Rrv 1 , . . . , v m s, deg v i " 2, denote the graded polynomial algebra with m generators, corresponding to the vertices of S. Slightly abusing the terminology, we call the elements of degree 2 linear, when working with such polynomial rings. For a graded R-module V˚" À 8 j"0 V j we denote by HilbpV˚; tq its Hilbert-Poincare function ř 8 j"0 t j rk R V j P Zrrtss.
Definition 7.3 (see [31] ). The face ring of a simplicial poset S is the commutative associative graded algebra RrSs over a ring R generated by formal variables v I , one for each simplex I P S, with relations
Here I 1 _ I 2 denotes the set of least upper bounds of I 1 , I 2 P S, and I 1 X I 2 P S is the intersection of simplices (it is well-defined and unique when I 1 _ I 2 ‰0). We take the doubled grading on the ring, in which v I has degree 2pdim I`1q. The natural graded ring homomorphism Rrms " Rrv 1 , . . . , v m s Ñ RrSs defines the structure of the Rrms-module on RrSs.
If R is an infinite field, and dim S " n´1, then a generic set of linear elements θ 1 , . . . , θ n P RrSs 2 is a linear system of parameters (we remark that linear systems of parameters can be constructed using characteristic functions on S, see e.g. [10, Lm.3.5.8] ). Let Θ denote the parametric ideal of RrSs generated by θ 1 , . . . , θ n Proposition 7.4 (Reisner, Stanley [28, 30] ). For a pure simplicial poset S of dimension n´1 there holds
For a homology sphere S there holds HilbpRrSs{Θ; tq "
Proposition 7.5 (Schenzel, Novik-Swartz [29, 25, 26] ).
(1) For a homology manifold S there holds HilbpRrSs{Θ; tq "
(2) Let S be a connected R-orientable homology manifold of dimension n´1. The 2j-th graded component of the module RrSs{Θ contains a vector subspace pI N S q 2j -`n j˘r H j´1 pS; Rq, which is a trivial Rrms-submodule (i.e. Rrms`pI N S q 2j " 0). Let I N S " À n´1 j"0 pI N S q 2j be the sum of all these submodules except the top-degree component. Then the quotient module RrSs{Θ{I N S is a Poincare duality algebra, and there holds
We now compute the combinatorial characteristics of the simplicial poset K n´1 PT dual to PT n´1 . Combinatorially, the simplicial cell complex K
n´1
PT can be defined as a poset, whose elements are the faces of the wonderful cell decomposition PT n´1 and the order is given by the reversed inclusion. It can be seen that K 
. . , n; f´1 " 1;
or l " 0, 1, . . . , n´1, and h 2 n " 1.
Proof. From the combinatorial description of a permutohedron it follows that the number f n´k pPe n´1 q is equal to k! n k ( . The wonderful subdivision PT n´1 consists of n permutohedra and each pn´kq-dimensional face of PT n´1 lies in exactly k permutohedral cells, since the subdivision is simple. Therefore,
PT is a simplicial cell subdivision of the torus T n´1 , we have r β j pK n´1 PT q "`n´1 jf or j ě 1. Expressions (7.4), (7.5) , and (7.6) follow from the general definitions of h-, h 1 -, and h 2 -numbers.
Equivariant cohomology
Let X be a 2n-manifold with a locally standard action of T n . The orbit space P " X{T n is a manifold with faces. It means that every codimension k face of P lies in exactly k different facets of P . Let S P denote the simplicial poset dual to the poset of faces of P . In [7] we proved Proposition 8.1. Assume that all proper faces of P are acyclic and the projection map X Ñ P admits a section. Then HTnpX; Zq -ZrS P s ' H˚pP ; Zq as the rings, and as the modules over Zrns -H˚pBT n q. The components of degree 0 are identified in the direct sum. The ring H˚pP ; Zq is considered a trivial Zrns-module. Now we apply this statement to the space X ďε n,λ which is T n´1 -equivariantly homeomorphic to Y (see construction 6.2). 
Here h i , the h-numbers of the simplicial poset K n´1 PT , are given by (7.4). Proof. Recall that Y is the collar model, that is the locally standard T n -space over T n´1ˆr 0, 1s. Proposition 8.1 implies the following isomorphism for the T n -equivariant cohomology
There is an induced action of the pn´1q-dimensional subtorus
on Y , and Theorem 6.3 states that Y and X ďε n,λ are T n´1 -equivariantly homeomorphic. To compute the T n´1 -equivariant cohomology of Y , we first note that there is a Serre fibration
where Y T n´1 and Y T n are the Borel constructions of T n´1 -and T n -actions on Y respectively. Consider the corresponding Serre spectral sequence:
The sequence has only two nonzero rows, hence it collapses at the E 3 -term. Let ω denote a generator of
T n pY q of the spectral sequence coincides with the composition
T n pY q, where the middle map is induced by the projection T n Ñ T n {T n´1 and the right map is the defining map for the H˚pBT n q-module structure on HTnpY q. It follows that
T n pY q, where η "
according to the definition (8.1) of the subtorus T n´1 .
Lemma 8.3. η is not a zero divisor in the face ring ZrK n´1 PT s, or, equivalently, η is a regular element.
Proof. We use the standard argument in the theory of face rings. For any non-empty
PT s Ñ krIs defined by sending v J to 0 for all J ę I. Notice that krIs is just the polynomial algebra in dim I`1 generators. The map ϕ I is a homomorphism of krns-algebras, with the krnsstructure on krIs is defined by an epimorphism ψ I sending the excess variables to zeroes.
Assume that there exists β P krK According to the lemma, for any nonzero element β P ZrK 
The statement now follows from the degeneration of the spectral sequence at E 3 -term.
Corollary 8.4. For the whole isospectral space X n,λ there holds HilbpHTn´1pX n,λ q; tq "
p1´t 2 q n´1`R ptq, where Rptq is a polynomial, and h i are given by (7.4).
Proof. The space X n,λ is patched from X ďε n,λ and X ěε n,λ " tp´1p|z| ě εqu. Both subsets are preserved by the torus action, hence the equivariant cohomology groups can be computed via Mayer-Vietoris exact sequence. However, the torus action on X ěε n,λ and X ěε n,λ X X ďε n,λ is free, so the equivariant cohomology groups of these subsets coincide with the ordinary cohomology groups of their orbit spaces. Hence they are concentrated in a finite range of degrees. The statement now follows from Theorem 8.2. 
Betti numbers
In this section we describe the additive structure of the cohomology ring of X n,λ . As a first step, we compute the homological structure of the subset X ďε n,λ , containing the essential information on the torus action. It is assumed in this section, that all coefficients are taken in a fixed field. The next proposition follows from the general technique developed in [1] .
Proposition 9.1. The homology modules of Y -X ďε n,λ admit the double grading: H j pY q -À p`q"j H p,q pY q. There holds (1) H p,q pY q -H p pT n´1 q b H q pT n q for q ă p ă n. (2) H p,q pY q " 0 for q ą p. Figure 8 . Most degenerate case, n`, n´are the maximal possible for the given n, that is n``n´" n´1.
Example 9.3. The Betti numbers computed for small values of n are shown in the tables 7 and 8.
Corollary 9.4. The space X n,λ has nonzero Betti numbers in odd degrees for n ě 4.
Proof. Theorem 9.2 implies that β 1 pX n,λ q " n´1´n`´n´. This number is nonzero unless n`, n´are the maximal possible, representing the most degenerate case. For the most degenerate case, and n ě 4, β 2n´1 pX n,λ q is nonzero. To prove this, it is sufficient to estimate the coefficient at t 2n´1 in (9.5) by 2 from below. Indeed, the only negative term in (9.1) comes from H Ker ptq, and its coefficient at t 2n´1 is one. The estimation is straightforward.
Recall that with any action of a torus T on a space X one can associate a fibration r : XˆT ET X Ñ BT , where ET is a contractible space, carrying the free action of T and BT is the classifying space of a torus. It can be assumed that ET " pS 8 q k and BT " pCP 8 q k , where k " dim T .
Definition 9.5. The space X is called equivariantly formal in the sense of GoreskyMacpherson [18] if the Serre spectral sequence (9.11) E˚,2 -H˚pBT q b H˚pXq ñ H˚pXˆT ET q " HT pXq,
i.e. the spectral sequence of the fibration r, degenerates at its second page.
Proposition 9.6. The space X n,λ is not equivariantly formal for n ě 4.
Proof. Assume that X n,λ is equivariantly formal. The degeneration of the Serre spectral sequence (9.11) at a second page then implies HilbpHT pX n,λ q; tq " HilbpH˚pX n,λ q; tq¨HilbpH˚pBT n´1 q; tq " HilbpH˚pX n,λ q; tq¨p1`t 2 q n´1 .
This identity and Corollary 9.4 imply that HT pX n,λ q has nontrivial components of arbitrarily high odd degree. This contradicts to Corollary 8.4.
Remark 9.7. The fundamental group of X n,λ can be explicitly described as well. As in the computations above, we consider the decomposition X n,λ " X ďε n,λ Y X ěε n,λ and apply van Kampen theorem. For the intersection there holds π 1 pX "ε n,λ q " π 1 pT n`ˆT n´ˆT n´1´n`´n´ˆS1 εˆT n´1 q " Z n`' Z n´' Z n´1´n`´n´' Z n The summands Z n`a nd Z n´v anish in π 1 pX ěε n,λ q since the corresponding components of Lioville-Arnold tori are collapsed over the facets of biangle B. The summand Z n " π 1 pS 1 εT n´1 q vanishes in π 1 pX ďε n,λ q according to [35] . The result of this paper asserts that for a locally standard action of T , dim T " n, on M , dim M " n, having a fixed point, there holds π 1 pM q -π 1 pM {T q. In other words, any loop on the acting torus can be contracted via a fixed point. This result is applied to X Hence X n,λ is simply connected if and only if the spectrum λ satisfies n´`n`" n´1. This corresponds to the most degenerate situation, considered in Remark 3.11.
